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ABSTRACT Equilibrium statistical-thermodynamic models are presented for the surface adsorption of proteins modeled as
regular convex hard particles. The adsorbed phase is treated as a two-dimensional fluid, and the chemical potential of
adsorbed protein is obtained from scaled particle theory. Adsorption isotherms are calculated for nonassociating and
self-associating adsorbing proteins. Area exclusion broadens adsorption isotherms relative to the Langmuir isotherm
(negative cooperativity), whereas self-association steepens them (positive cooperativity). The calculated isotherm for adsorp-
tion of hard spheres using scaled particle theory for hard discs agrees well with that calculated from the hard disc virial
expansion. As the cross section of the adsorbing protein in the plane of the surface becomes less discoidal, the apparent
negative cooperativity manifested in the isotherm becomes more pronounced. The model is extended to the case of
simultaneous adsorption of a tracer protein at low saturation and a competitor protein with a different size and/or shape at
arbitrary fractional saturation. Area exclusion by competitor for tracer (and vice versa) is shown to substantially enhance the
displacement of tracer by competitor and to qualitatively invalidate the standard interpretation of ligand competition
experiments, according to which the fractional displacement of tracer by competitor is equal to the fractional saturation by
competitor.
INTRODUCTION
Interactions between proteins and surfaces may be classified
in terms of the specificity of the interaction. At one extreme
are the many well-studied instances of very specific and
selective interaction of proteins, such as antibodies and
polypeptide hormones, with particular epitopes or receptors
that are found on the surface of a cell or virus particle (for
a general survey, see Conn, 1984, and succeeding volumes
in the series). At the other extreme one finds relatively weak
and nonspecific electrostatic or hydrophobic interactions
leading to nonlocalized adsorption of proteins onto lipid
bilayers (Sankaram and Marsh, 1993), other structural ele-
ments of the cell (Arnold and Pette, 1968; Lakatos and
Minton, 1991), and the surfaces of synthetic polymeric
materials (Andrade, 1985). In the present work our attention
is directed to the latter class of interactions. Although less
studied, these interactions are also important for several
reasons. First, significant association of "soluble" proteins
with membranes and other cellular structural elements can
have major consequences for metabolic organization and
control (Clegg, 1984). Surface adsorption may be in some
cases linked to the catalytic properties of individual en-
zymes (Kurganov, 1985) and to the formation of multien-
zyme complexes (Minton, 1995). Finally, nonspecific inter-
actions between proteins and the surfaces of synthetic
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polymers play an essential role in determining the biocom-
patibility of the synthetic material (Horbett, 1982).
The adsorption of small molecules from the gaseous state
onto regular surfaces such as the planar faces of crystals has
been extensively studied both experimentally and theoreti-
cally by physical chemists (Steele, 1974). The understand-
ing of such adsorption phenomena has benefited greatly
from the ability to prepare systems of extremely high purity
and to measure equilibrium adsorption isotherms precisely
over a very broad range of concentrations of the gaseous
adsorbing species. Analogous measurements of the surface
adsorption of soluble proteins have not yielded (and perhaps
cannot yield) similarly extensive and precise data. Partly for
this reason, the theoretical basis for the interpretation of
such isotherms remains at a level that is quite crude relative
to that applied to the analysis of the simpler inorganic
systems.
Two classes of models for the nonspecific adsorption of
biomolecules to surfaces have been formulated. The first
class of models (Stankowski, 1983) is lattice models
adapted from earlier treatments of gas adsorption (Hill,
1960). According to such models, there exist a large number
of virtual sites on a surface, where a site represents not a
specific binding site but rather a discrete increment of
surface area. An adsorbed ligand is postulated to occupy a
fixed number (.1) of sites with a specified geometry.
Combinatorics are employed to count the number of possi-
ble configurations of n ligands bound to m sites, and hence
the chemical potential of the adsorbed ligand. As the num-
ber of sites occupied by an individual adsorbed ligand and
the total number of sites become large, results approach the
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continuum limit. The second class of models (Stankowski,
1984; Tamm and Bartoldus, 1988) utilizes continuum the-
ories of two-dimensional hard particle fluids (e.g., Andrews,
1976) to calculate directly the chemical potential of ad-
sorbed ligand. In the present work we shall propose models
of the second type for the adsorption of ligands that exclude
surface area to each other, called "large" ligands by previ-
ous investigators. ("Large" ligands are distinguished from
"small" ligands according to the following criterion: if the
presence of ligand bound to a particular site or location on
the surface prevents another ligand molecule from binding
to any site or location on the surface other than the site to
which it is bound, then the bound ligand is "large." Hence
the appellation refers not to absolute size, but to the size of
ligand relative to the spacing between sites or possible
binding locations. According to this definition, if the bind-
ing potential is independent of lateral position on the sur-
face, then any ligand of finite size must be treated as a large
ligand.)
In the next section a model is presented for the adsorption
of a single class of large ligands of various shapes. In the
third section competition between two species of nonasso-
ciating large ligands is treated. In the fourth section a model
is presented for the adsorption of a large ligand that can also
undergo self-association on the surface. In the fifth section
the model for adsorption of a single large ligand is extended
to treat the case in which the ligand also excludes a signif-
icant fraction of volume in the supernatant solution and
hence behaves nonideally in both three and two dimensions.
The paper concludes with a summary and discussion of
major findings.
ficient of adsorbed ligand, which is a function of (F. Equa-
tions 2 and 3 may be combined to yield
Kc = (F yQ(), (4)
where
K-exp[-(pYu,rffo - ,soln,o)/RT]
Because a small ligand is defined as one that prevents
only those sites to which it is bound from binding additional
ligand (see criterion for "large" ligand, above), the equilib-
rium adsorption of a monovalent nonassociating small li-
gand may be shown to obey the familiar Langmuir isotherm
(Hill, 1960):
Kc =1- (5)
The effect of short-range (steric) repulsive interactions
between protein molecules upon the chemical potential of
proteins in solution is well described by models in which
protein molecules are represented by equivalent hard con-
vex particles of approximately molecular size and shape that
exclude volume to each other (Zimmerman and Minton,
1993). We shall therefore employ hard particle models to
investigate the effect of steric area-excluding interactions
between adsorbed proteins on adsorption equilibria. It will
be assumed that molecules adsorbed to a locally planar
surface exclude volume to each other in two dimensions
only, i.e., in a plane parallel to the plane of the surface.
The simplest two-dimensional representation of a space-
filling ligand is the hard circular disk. For this model the
activity coefficient may be represented by a power series in
the fractional area occupancy of adsorbed ligand
ADSORPTION OF A SINGLE
NONASSOCIATING LIGAND
The fundamental equilibrium relation governing adsorption
of a single species of ligand is
fi-Lsoln = Asurf
where Usoln denotes the chemical potential of free ligand in
solution and ,u surf the chemical potential of adsorbed ligand.
For the present we shall assume that the ligand behaves
ideally in solution; the effect of nonideal behavior of free
ligand will be considered subsequently. Hence
Also1n =lsolno + RTln c (2)
and
,If =s su'.o + RT ln (F + RT ln y((D), (3)
where ,ui' denotes the standard state chemical potential of
the corresponding species, c the concentration of ligand in
solution, (F the fraction of surface area (or fraction of total
sites) occupied by adsorbed ligand, and -y the activity coef-
(6)ln y = EA(iFi-1
i=2
where the interaction coefficients, calculated from the
known 2-D hard disk virial coefficients (Ree and Hoover,
1964), are given to seventh order by A2 = 4.0, A3 = 4.692,
A4 = 5.685, A5 = 6.680, A6 = 7.642, and A7 = 8.512. With
these coefficients, the infinite series on the right-hand side
of Eq. 6 converges within the first six terms for (F ' 0.5. In
Fig. 1 the dependence of (F upon log Kc, calculated over the
range of convergence of the truncated series using Eqs. 4
and 6, is plotted together with the Langmuir isotherm for
comparison. The qualitative effect of area exclusion, evi-
dent at values of (F exceeding -0.05, is to lower the
fractional surface occupancy of adsorbed ligand in equilib-
rium with a given concentration of free ligand.
Although the power series expansion for the activity
coefficient of hard circular disks given above is thermody-
namically exact, calculation of the value of interaction co-
efficients for three-body or higher-order interactions be-
tween particles of different sizes and/or shapes is
prohibitively difficult. Approximate theories of hard parti-
cle fluids, and in particular the scaled particle theory (SPT)
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entire range of convergence of the virial expansion. Iso-
therms calculated for noncircular particles are even broader
than those for circles, reflecting the fact that, of all convex
particles, a circle has the minimum ratio of excluded area to
particle area.
COMPETITION BETWEEN TWO SPECIES OF
LARGE LIGAND
Let an adsorbent surface be equilibrated with solution con-
taining free solute species A at a concentration co, chosen
so that KACo << 1. Under these conditions it follows from
Eq. 4 that the equilibrium saturation of surface with A is
given by
(D = KACA- (8)
) W0 II Let the surface be equilibrated with solution containing
-3 -2 -1 0 1 2 3 4 5 6 7 8 free A at concentration cO and free solute B at arbitrary
concentration CB. To the extent that B competes with A for
log Kc the surface, the fractional saturation of A will decline from
bDA to (D. If both A and B are small. monovalent liLands.
FIGURE 1 Adsorption isotherms calculated for various particle shapes,
calculated using SPT Eq. 7, except "Langmuir" (Eq. 5) and "circle" (Eqs.
6 and 7).
originated by Reiss et al. (1959), have proved useful in
providing a semiquantitative account of the behavior of
more complex and/or more concentrated systems. The fol-
lowing expression for the activity coefficient of a single
hard particle in a 2-D fluid of convex hard particles of
arbitrary shape may be obtained from the SPT results of
Boublik (1975):
and A does not self-associate, it may be shown that
(
=B 1 {quo, (9)
independently of the nature of the binding isotherm of B
(Chatelier, 1987).
Next, consider an adsorbent surface in equilibrium with a
solution containing two large ligands, A and B. The chem-
ical potential of adsorbed ligands will be given by
surf = S,sUr',O + RT ln (DA + RT ln YA(¢A, DB)IAA I.A A(A B (lOa)
1 E
In y= -ln(1 -4D) E- + (7)
where E is a shape parameter, the value of which is given for
particles of various shapes in Table 1. Adsorption isotherms
calculated using Eqs. 4 and 7 with values of E for differently
shaped particles are plotted in Fig. 1. The isotherm calcu-
lated for hard circular disks using SPT agrees quite well
with that calculated using the exact virial expansion over the
and
surf = ,4surf°O + RT ln (FB + RT ln YB(DA, (B), (lOb)
where the dependence of activity coefficients on surface
composition reflects interactions between adsorbed mole-
cules. For a competition experiment in which the concen-
tration of free ligand A is constrained to a value co such that
(DA << 1, the dependence of both yA and yB upon (A
TABLE I Values of shape-dependent parameters defined in the text and in the Appendix
Shape/parameter a c E (-c2/4 -a)
Circle Xi 2-T 1
Regular polygon
(n sides) n tan (-Inn) 2n tan (-ln) (nl/-) x tan (-n/n)
Rectangle
(axial ratio g 2 1) 4/g 4 (1 + l/g) (ghr) X (1 + 1/g)2
Ellipse /2 (sin2> 2ln/22 X [Jn (2 g2 +2012 12
(axial ratio g .1) 7r/g ) )
1.0
0.8
0.6
0.4
0.2
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becomes negligible. In the absence of B, the equilibrium
saturation of surface with A is given by Eq. 8. In the
presence of an arbitrary concentration of B, the equilibrium
saturation of surface with A is given by
(11)= KACAYA(QIB)
Combination of Eqs. 2 and 11 yields
(A 1
IA -YA(DB)
A 1.0
0.8
0 < 0.6
- 0.4
(12)
0.2
The activity coefficient of a single particle of species 2 in a
2-D fluid of particles of species 1 is calculated using SPT
together with results obtained by Boublik (1975) in the
Appendix. Letting A be species 2 and B species 1, combi-
nation of Eqs. 12 and A9 yields
0.0
-2 0 2 4 6
log KBCB
-O (1 - B) X A,
A
(13)
where
A exp -fR (IB[2Ef,C1 +ffaf( (1 4B))]}
E is the shape factor defined in the Appendix for particles of
species B, and the coefficients fR, fc and fa are functions,
defined in the Appendix, of the relative sizes and shapes of
particles of species A and B. It is evident that when the size
of the particle of species A becomes infinitesimal relative to
that of the size of the particle of species B, fR -> 0, A -> 1,
and the fractional saturation of the surface with B becomes
equal to the fractional displacement of A. However, for fR
and DB > 0, A < 1, and
B
e
:
6e
-2 0 2
log KBCB
(DB = (> t0 0
indicating that area exclusion arising from the finite sizes of
tracer and unlabeled ligand may invalidate the conventional
interpretation of competition experiments.
The dependence of (IA/(FA upon KBCB is obtained by first
calculating the value of (FB corresponding to a particular
value of KBCB using Eqs. 4 and 7, and then calculating
(DA/tDA for that value Of (B using Eq. 13. In Fig. 2, a and
b, the dependence of 1 - FA/¢(D upon log KBCB is plotted
for three combinations of particle shapes: a tracer circle in
a fluid of circles, a tracer ellipse in a fluid of circles, and a
tracer circle in a fluid of ellipses. Also plotted for compar-
ison is the calculated dependence Of (FB on log KBCB.
ADSORPTION OF A LARGE
SELF-ASSOCIATING LIGAND
Consider a ligand that can adsorb to a surface, and when
adsorbed can self-associate to form adsorbed z-mer. It will
FIGURE 2 Fractional displacement of tracer (left axis) and fractional
saturation of competitor ligand (right axis) plotted as a function of the
normalized concentration of competitor ligand. Fractional displacement
curves are plotted for tracer having an area 3, 1, or 1/3 times that of the
competitor ligand. The heavy solid line is the fractional saturation of
competitor ligand. (a) The tracer species is a circle (solid lines) or ellipse
of axial ratio 5 (dashed lines), and the competitor ligand is a circle. (b)
Tracer is described by a circle, and competitor ligand is an ellipse of axial
ratio 5.
be assumed that the concentration of free ligand in solution
is so low that the ligand behaves ideally in solution. The
chemical potential of free (monomeric) ligand is then given
by Eq. 2, and those of adsorbed monomer and adsorbed
z-mer by
/J,surf = s,Uurfo + RTln + RTln yj((I, 4Fz) (14a)
surf = j,sur"o + RTln ID + RTln yz((DI (Iz). (14b)
1.0
0.8
0.6
0.4
0.2
0.0
1.0
0.8
0.6
coe
0.4
0.2
0.0
4
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Combination of Eqs. 2, 14, and the equilibrium conditions
soln = surf
Zisurf = surf
A
1.0
lead to the equilibrium relations 0.8
Kc = (FI lyi@F,(IZ) (15)
0.6
(D, = zK,zM((p" FY) oZ (16)
0.4
The functional dependence of Yi and yz upon I and Oz
may be obtained for mixtures of hard circles from the 2-D
multicomponent SPT theory of Lebowitz et al. (1965):
ln yj = -ln(I - (F) +
ln y, = -ln(I - (F) +
2-(F3(DI + +f2]/oZ
I - (
0.2
0.0
(17a)
VT> + 2(DI(Dz+ I >2
(I - ,:t)2
3(Dz + (2f+ f2)4
1 -(
B
1.0
0.8(17b)
(D2 + 2f(DIFD +f2kD2
(1
-()2 )
0.6
where FD = (F + Sz andf Rz/R , where R, and R1 are the
radii of the circles representing z-mer and monomer, respec-
tively. Assuming that f = z1"2 (i.e., area is conserved on
self-association), the dependence of (F upon log Kc, calcu-
lated using Eqs. 15-17, is plotted for z = 4 and various
values of K14 in Fig. 3 a, and for various values of z with Klz
= 1 in Fig. 3 b. Self-association of adsorbed ligand leads to
a steepening of the adsorption isotherm, and the steepness of
the isotherm increases with the degree of self-association, as
expected for a cooperative process. In the limit of large z,
the behavior approaches that of a classical first-order phase
transition, corresponding to the condensation of adsorbed
ligand.
0.4
0.2
0.0
-3 -2 -1 0 1 2 3
log Kc
4 5 6 7 8
-3 -2 -1 0 1 2 3 4 5 6 7
log Kc
8
EFFECT OF EXCLUDED VOLUME IN THE
SOLUTION PHASE
Up to this point we have considered only the exclusion of
area by adsorbed ligand and have neglected the excluded
volume of free ligand. This is an acceptable approximation
so long as the intrinsic affinity of ligand for the adsorbent
surface is so high that the concentration of ligand required
to approach saturation of the surface remains small (i.e.,
occupying less than about 1% of the total volume of the
solution). However, the results shown above clearly dem-
onstrate that area exclusion of ligand on the surface causes
FIGURE 3 Adsorption isotherms for an area-excluding circular ligand
undergoing self-association to form a circular z-mer. The heavy black
curve represents the reference case of no self-association (K1, = 0). (a)
Dependence of isotherm on K14 for monomer-tetramer equilibrium. From
left to right, curves were calculated for the following values of log K14: 8,
4, 0, -4, and -8. (b) Dependence of isotherm upon the extent of self-
association. From left to right, curves were calculated for K,' = 1 and the
following values of z: 64, 32, 16, 8, 4, and 2.
extensive broadening of the adsorption isotherm; an in-
crease in Kc of six or more orders in magnitude may be
required to increase the fractional area occupancy of the
surface from approximately 0.1 to 0.9 Dmax, Unless the
and
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value of K is extremely large, it is likely that a complete
experimental characterization of adsorption will require
high concentrations of free ligand. Under such conditions
the nonideal behavior of free ligand as well as adsorbed
ligand must be considered. Hence Eq. 2 must be replaced by
,soln = Asoln.o + RT ln c + RT ln Ysoln(c),
1.0
0.8
(18)
0.6
where ysyj. denotes the activity coefficient of free ligand.
Combination of Eqs. 1, 3, and 18 yields
(F y((D)
K=
C ).o.0,
0.4(19)
For didactic purposes we consider explicitly the simplest
case of a ligand that may be modeled as a hard sphere in free
solution and a hard circular disk when adsorbed; as seen in
preceding sections, the effects of shape are second order.
The 3-D hard sphere SPT theory of Reiss et al. (1959) leads
to the relation
ln ysoln = -ln(1 - 0) + 7(1 _ 0) + 7.(I-0
(20a)
0 3
+ 3(1
-0
Here 0 denotes the fractional volume occupancy of solution
by ligand, related to concentration by
0 = VeffC, (20b)
where veff denotes an effective ligand volume in units of
reciprocal concentration. For the case of hard disks, Eq. 7
simplifies to
ln y=-ln(1- (F) + 3(1-¢) + I(Da . (21)
The dependence of (F on c, obtained via numerical solution
of Eqs. 19-21, is plotted in Fig. 4 for various values of log
K. The calculation was performed using a value of Veff (0.8
mUg) that has been found to provide a reasonable descrip-
tion of the behavior of globular proteins in solutions of
moderate ionic strength at pH values in the vicinity of the
isoelectric point (Zimmerman and Minton, 1993). The re-
sults shown in Fig. 4 indicate that under these conditions,
adsorption isotherms are significantly steepened when the
concentration of free protein in solution exceeds about
30 g/l.
DISCUSSION
Results obtained in the present work demonstrate that area
exclusion by adsorbed proteins leads to a substantial broad-
ening of the adsorption isotherm, and that attractive inter-
actions between adsorbed ligands, here formally manifested
as self-association, lead to a steepening of the adsorption
isotherm. Qualitatively similar results have been obtained
by previous investigators (Stankowski, 1984; Heimburg and
0.2
0.0
-8 -6 -4 -2 0 2 4
log c (g/l)
FIGURE 4 Dependence of fractional surface area occupancy upon free
ligand concentration for a non-self-associating ligand that excludes volume
in free solution as well as area on the surface. Curves were calculated
assuming Veff = 0.0008 I/g (Zimmerman and Minton, 1993) and the
following values of log K, from left to right: 4, 3, 2, 1, 0, -1, -2, and -3.
Marsh, 1995). We believe that the present formulations are
more rigorous and the results more accurate, at least within
the context of the admittedly simplified geometric models
for area exclusion employed by ourselves and the previous
investigators.
Heimburg and Marsh (1995) employed a Van der Waals-
type empirical description of a two-dimensional gas (Ross
and Olivier, 1964) to obtain the following adsorption iso-
therm:
Kc = (T exp(1 _ -2a(F (22)
where a is a parametric "measure of the strength of inter-
actions between ligand molecules." Assuming that the only
interactions between adsorbed ligands are excluded area
interactions, a = 0. The isotherm calculated from Eq. 22
with a = 0 is plotted in Fig. 5. It may be seen that the van
der Waals isotherm seriously underestimates the effect of
area exclusion.
Stankowski (1984) employed a simplification of the ap-
proximate theory of Andrews (1976) for a two-dimensional
fluid of hard circular disks to calculate the following iso-
therm:
(D 3(D
Kc = 1 (F exp
( 2 )max
(23)
where Dmax denotes the maximum packing fraction of cir-
cular disks on a planar surface, 0.907. The isotherm calcu-
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III I I absence of significant excluded area effects, thereby en-
abling the investigator to ascertain whether the standard
Langmuir / vdW - interpretation of displacement isotherms is justified in a
3 _I / particular experimental system.
r/, ,/ s<... Finally, it should be stressed that an adsorption isotherm
// -- ~ > that is broadened relative to the Languir isotherm is not
necessarily an indicator of area exclusion or other repulsive
,/_/I . interactions between bound ligands. It is well known that
surface heterogeneity may lead to a broadening of the
adsorption isotherm relative to the Langmuir isotherm, in-
4 _ /i sy dependent of interaction between adsorbed ligands (Steele,
h 11 /1974). It is therefore impossible in principle for an investi-
gator to discern whether a broadened isotherm is due to
surface heterogeneity, repulsive interactions between bound
ligands (including area exclusion), or a combination of both,
on the basis of equilibrium adsorption data alone. In con-
trast, an adsorption isotherm that is steeper than the Lang-
-3 -2 -1 0 1 2 3 4 5 6 7 83 muir isotherm may unequivocally be attributed to net at-
tractive interactions between, and clustering of, boundlog Kc ligand molecules.
FIGURE 5 Dependence of fractional surface area occupancy calculated
according to the Langmuir equation (Eq. 5) (short dashed curve), the van
der Waals equation (Eq. 22) (long dashed curve), the Stankowski-Andrews
equation (Eq. 23) (dotted curve), and Eq. 6 and the scaled particle equation
(Eq. 7) for hard circular disks (solid curve).
lated using Eq. 23 is plotted in Fig. 5. The Stankowski-
Andrews isotherm falls quite close to those calculated using
the 2-D hard disk virial expansion and the 2-D SPT hard
disk theory up to (- 0.3, but seems to underestimate the
effect of area exclusion at higher values of (F. The
Stankowski-Andrews formalism has not been generalized to
treat noncircular particles or multicomponent systems.
In addition to elucidating factors affecting the adsorption
isotherm of a single protein ligand, we have presented a new
model for the effect of area exclusion on competitive sur-
face binding of two protein species, one of which is a tracer
present at low fractional saturation. The results presented in
Fig. 3, a and b, demonstrate that if tracer and competitor
exclude surface area (i.e., potential binding sites) to each
other, the traditional mass-action interpretation of tracer
displacement by competitor may lead to substantial overes-
timates of the fractional saturation of competitor as a func-
tion of the concentration of free competitor. Moreover, an
uncritical investigator might erroneously conclude on the
basis of a steep displacement isotherm that binding of
competitor ligand to the surface is cooperative. However, it
is possible to test for the presence of excluded area inter-
actions between tracer and competitor in the following
manner. The unlabeled parent of the tracer ligand should be
used as the competitor. The binding of tracer may be mea-
sured as a function of the concentration of free tracer.
Likewise, the displacement of tracer by increasing concen-
trations of competitor may be measured. Comparison of the
isotherms obtained via direct measurement of tracer binding
and by tracer displacement will indicate the presence or
APPENDIX: SPT CALCULATION OF THE
ACTIVITY COEFFICIENT OF A SINGLE PARTICLE
OF SPECIES 2 IN A 2-D FLUID OF SPECIES I
Let each species of 2-D convex particle be characterized by a circumfer-
ence C1 and an area Ai. These are related to a characteristic dimension of
the particle Ri (such as the radius of a circle) by the dimensionless
coefficients ci= CjIR and a, Ai/R2. Values of c and a for differently
shaped particles are presented in Table 1. The co-area of particles 1 and 2,
or the area excluded to the center of a particle of species 2 by a particle of
species 1 (and vice versa), averaged over all relative orientations of the two
particles, is given by (Boublik, 1975)
Aij = aiR2 + ajR3 + c-cjRiRj/2iT. (Al)
The activity coefficient of a single hard particle of species 2 in a fluid of
particles of species 1 is simply related to the excess work required to place
the particle into the fluid:
ln y2 =PW(R2), (A2)
where ,3 1/kT, k denotes Boltzmann's constant and T the absolute
temperature. This work, in turn, is related to the probability that no part of
any particle of species 1 will occupy the element of area into which the
particle of species 2 will be introduced, which is equal to the probability
that the center of mass of no particle of species 1 will fall within the co-area
of species 1 and 2:
j(3W(R2) = ln Po(R2). (A3)
Although W and P. depend upon variables in addition to the characteristic
dimension of the particle of species 2, the reason for the notation declaring
the explicit dependence upon R2 will become evident in the following
argument, based upon approximations introduced by Lebowitz et al.
(1965).
SPT is based upon the idea that although it is not possible to precisely
calculate P,(R2) for a real particle with R2 2 0, it is possible to calculate
the value exactly for a virtual particle with R2 < 0, because in this case the
center of only one real particle at most can fall within the co-area of the real
and virtual particles. Hence for R2 < 0,
Po(R2) = 1- P1(R2), (A4)
1.C
0.E
O.E
o.c
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where P1(R2) denotes the probability that a single particle of species 1 will
be within the co-area of particles 1 and 2, given by
PJ(R2) = Pi A12, (AS)
and Pi denotes the number density of particles of species 1 in the fluid.
Combining Eqs. Al-A5, we obtain the exact result that for R2 < 0,
13W(R2) = In [1 - p1(ajR2 + a2R2 + c1c2RR2/2T)]. (A6)
To obtain an approximate expression for PW(R2) with R2 2 0, it is assumed
that 1) W(R2) is continuous at R2 = 0; 2) dW(R2)/dR2 is continuous at R2
= 0; and 3) at sufficiently large R2, the excess work of insertion of a
particle of characteristic dimension R2 asymptotically approaches pressure-
area work, e.g.,
lim W(R2) =PA2.
R2--o>
Combination of the three assumptions listed above yields the following
power series expansion for (3W(R2):
fW(R2) = fW(R2 = 0)
(A7)
(d3W(R) )R2 2 + 13pa2 R .
The first two terms may be evaluated using Eq. A6. The pressure is
evaluated using the SPT equation of state for a fluid of particles of type 1
(Boublik, 1975):
[1 + (E- 1)F]
3P=Pi (1-F?)2 , (A8)
where e = c I/47ra, and D = p1Aj. The final result is
In y2=-ln(1-D) +2EfcffR
_D
(A9)
+faf F [1 (I -(7D)2]
wherefc = C2/Ci,fa = a2/a1, andfR = R2/R1. It may be shown that for the
case of a tracer circle in a fluid of circles, where E = fA = fc = 1, Eq. A9
reduces to an expression identical to that obtained from the 2-D multicom-
ponent hard disk SPT theory of Lebowitz et al. (1965).
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